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The lateral Casimir force, which arises between aligned sinusoidally corrugated surfaces of a sphere and a
plate, was measured for the case of a small corrugation period beyond the applicability region of the proximity
force approximation (PFA). The increased amplitudes of the corrugations on both the sphere and the plate
allowed observation of an asymmetry of the lateral Casimir force, i.e., deviation of its profile from a perfect
sine function. The dependences of the lateral force on the phase shift between the corrugations on both test
bodies were measured at different separations in two sets of measurements with different amplitudes of
corrugations on the sphere. The maximum magnitude of the lateral force as a function of separation was also
measured in two successive experiments. All measurement data were compared with the theoretical approach
using the proximity force approximation and with the exact theory based on Rayleigh expansions with no
fitting parameters. In both cases real material properties of the test bodies and nonzero temperature were taken
into account. The data were found to be in a good agreement with the exact theory but deviate significantly
from the predictions of the proximity force approximation approach. This provides the quantitative confirma-
tion for the observation of diffraction-type effects that are disregarded within the PFA approach. Possible
applications of the phenomenon of the lateral Casimir force in nanotechnology for the operation of microma-

chines are discussed.
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I. INTRODUCTION

The Casimir effect' is presently well known due to the
many potential applications in both fundamental physics and
nanotechnology. The Casimir force is an extension of the van
der Waals interaction to larger separations between macro-
scopic bodies where the relativistic retardation of the elec-
tromagnetic interaction becomes important due to the finite
speed of light. The Casimir effect originates from the exis-
tence of zero-point and thermal oscillations in restricted
quantization volumes. The results of extensive experimental
and theoretical studies on the role of the Casimir force in
configurations with idealized boundary surfaces (infinitely
thin, with ideal-metal boundary conditions, etc.) and also be-
tween surfaces of real material bodies with account of rough-
ness, nonzero skin depth, and nonzero temperature are pre-
sented in Ref. 2 (see also earlier books and reviews>'9).
Interrelationship between experiment and theory in the case
of real materials was specially reviewed in Ref. 11. In
condensed-matter physics the Casimir force is taken into ac-
count in the investigation of various properties of thin films,
surface tension, in atomic force microscopy, and critical
phenomena.!> When the characteristic sizes of microdevices
shrink below a micrometer, the role of the Casimir and elec-
tric forces become comparable. This opens new opportunities
for the creation of nanoscale devices actuated by the Casimir
force.!3!* Investigation of the combined action of the electric
and Casimir forces in microdevices is vital for the resolution
of issues associated with their stability.!-10

The most universally known normal Casimir force acts in
the direction perpendicular to the interacting surfaces. How-
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ever, when the material properties of the interacting bodies
are anisotropic or they are asymmetrically positioned, a lat-
eral Casimir force may exist which acts tangential to the
surface. Similar to the normal Casimir force, the lateral force
originates from the modification of electromagnetic zero-
point and thermal oscillations by material boundaries. For
plates made of anisotropic materials, the lateral Casimir
force and related torques were theoretically predicted in
Refs. 17 and 18 (see also Refs. 4 and 19). For two parallel
ideal metal plates covered with uniaxial sinusoidal corruga-
tions of equal periods, the lateral Casimir force was
predicted’®?! and calculated®>?? in the second perturbation
order with respect to the amplitudes of corrugations. In both
cases a sinusoidal dependence of the result on the respective
characteristic angle was obtained. For sinusoidally corru-
gated plates made of real metal described by the plasma
model, the lateral Casimir force was considered in Refs. 24
and 25 in second-order perturbation theory. In the case of
two ideal metal parallel plates covered with periodic uniaxial
corrugations of rectangular shape, some results for the nor-
mal Casimir force were found in Refs. 26 and 27. It is per-
tinent to note that the use of normal and lateral Casimir
forces gives the possibility to actuate both normal and lateral
translations of corrugated surfaces in micromachines by
means of the electromagnetic zero-point oscillations. The lat-
eral Casimir force might be used to solve the tribological
problems plaguing the microdevice industry. Specifically, it
was suggested?830 to use this effect for frictionless transmis-
sion of lateral motion. There are also proposals®'3? to mea-
sure the Casimir torque arising between the anisotropic bod-
ies due to the lateral Casimir force.
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Both the normal and lateral Casimir forces are in general
nonadditive and possess a complicated dependence on the
geometrical shape of the boundary surfaces connected with
diffraction effects. In the configuration of a smooth Al-coated
sphere above a sinusoidally corrugated Al coated plate the
nontrivial behavior of the normal Casimir force was experi-
mentally demonstrated.>® This was done in an additive re-
gime when the sphere-plate separation is much smaller than
the period of corrugations.?* Recently* the nontrivial behav-
ior of the normal Casimir force caused by the complicated
geometry of a boundary surface was observed in the configu-
ration of a smooth Au-coated sphere above a Si plate covered
with rectangular corrugations (trenches). In this case the non-
additive regime was used where separation distances are on
the order of corrugation period. The deviations of the mea-
surement data from the additive theory were reported.*
These deviations are, however, about 50% less than those
expected for ideal metal boundaries in the theory taking ex-
act account of the geometrical shape.?” The remaining dis-
crepancy might be explained by the role of a nonzero skin
depth which was not accounted for in Ref. 27. Thus, the
scattering approach for grating geometries taking the exact
account of surface geometry at zero temperature and describ-
ing metallic properties by means of the simple plasma
model*>3¢ was found to be in better agreement with the data
of Ref. 34.

The first measurement of the lateral Casimir force was
performed between the surfaces of an Au-coated sphere and
an Au-coated plate both covered with aligned uniaxial corru-
gations of sinusoidal shape.3”3® The corrugation amplitudes
were A;=59 nm on the plate and A,=8 nm on the sphere.
The period of corrugations was equal to 1200 nm, i.e., much
larger than separation distances between the sphere and
plate. This means that the experiment of Refs. 37 and 38 was
done in the application region of the proximity force ap-
proximation (PFA).2%! The lateral Casimir force with an
amplitude of 3.2 X 1073 N at the shortest separation of 221
nm was found to sinusoidally oscillate as a function of the
phase shift between the corrugations. The total experimental
error of the force amplitude measurement at the closest point
was determined to be around 19% at the 95% confidence
level.> The experimental results were compared with theory
using the PFA which should supposedly be applicable at
separations much smaller than the corrugation period. In so
doing the dielectric properties of Au were described using
the simple plasma model in fourth-order perturbation theory
with respect to a small parameter related to the ratio of the
skin depth to the separation distance. The experimental re-
sults were found to be in good agreement with the theory in
the limits of the experimental error. It was also predicted
theoretically (but not observed experimentally due to the use
of small corrugation amplitudes and insufficient precision)
that the lateral Casimir force is asymmetric, i.e., deviates
from purely sinusoidal harmonic dependence on the phase
shift, through the contribution of higher-order terms in the
perturbation expansion with respect to the corrugation ampli-
tudes.

In this paper we present complete measurement data of
the recently performed experiment on the lateral Casimir
force between a sinusoidally corrugated sphere and plate
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covered with Au layers. The much smaller period of corru-
gations used in this experiment provides opportunities to
measure deviations of the lateral Casimir force from the the-
oretical predictions obtained on the basis of the PFA. Much
deeper corrugations on both the sphere and the plate and
shorter separations where the measurements were performed
make it possible to demonstrate the asymmetry of the lateral
Casimir force, as predicted in Ref. 38. The measurement data
are compared with the exact theory describing the Rayleigh
scattering of the electromagnetic oscillations on the sinusoi-
dally corrugated boundary surfaces of a sphere and a plate
with no fitting parameters. Only the configuration of a per-
fect sphere near a plane plate is treated using the PFA. At the
separations considered, this leads to only a negligibly small
error of order 0.1%.%!! The dielectric properties of Au are
described by means of the generalized plasmalike model***0
which takes into account the interband transitions of core
electrons. The computational results for the amplitude of the
lateral Casimir force as a function of separation and for the
lateral Casimir force as a function of the phase shift at dif-
ferent separations obtained using the exact theory at the labo-
ratory temperature (=300 K) are found to be in a very
good agreement with the measurement data. The same data
deviate markedly from the theoretical results computed using
the PFA. This clearly demonstrates the influence of diffrac-
tion effects on the lateral Casimir force.

Some of the results of this paper related to the first set of
our measurements were briefly published in Ref. 41. Here,
we present additional phase dependences of the lateral Ca-
simir force not included in Ref. 41 for the same corrugation
amplitudes, as were used in Ref. 41, and also the results of
further experiments performed with a much larger corruga-
tion amplitude on the sphere. We demonstrate that the ex-
perimental data of various measurements for different
samples are in mutual agreement. We also present additional
important evidence characterizing the quality of corrugated
surfaces, procedures of electrostatic calibrations, and details
of error analysis. Calculations using the PFA are done by
means of the exact Lifshitz formula rather than with the help
of perturbation theory in corrugation amplitudes, as in Ref.
41. The role of surface roughness is estimated. The details of
exact computations of the lateral Casimir force using the
Rayleigh scattering theory at nonzero temperature given in
this paper have never been presented previously.

The paper is organized as follows. In Sec. II we describe
the experimental setup and sample preparation. Section III
contains the description of the procedures of electrostatic
calibration using both the normal and lateral electric forces.
In Sec. IV the measurement data and the error analysis are
presented. Section V is devoted to the computation of the
lateral Casimir force between corrugated surfaces using the
PFA. In Sec. VI the lateral Casimir force is computed in a
more fundamental way using the Rayleigh theory. In both
Secs. V and VI the theoretical results are compared with the
experimental data. Section VII contains our conclusions and
discussion.

II. EXPERIMENTAL SETUP AND SAMPLE PREPARATION

A schematic of the experimental setup is shown in Fig. 1.
The experiments under discussion are performed using a
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FIG. 1. Schematic of the experimental setup (see text for further
details). Insertion shows the obstructed side of the sphere with im-
printed corrugations.

standard atomic force microscope (AFM) in oil-free vacuum
chamber at a pressure below 10 mTorr and at room tempera-
ture. The observation of the lateral Casimir force is done
using two test bodies whose surfaces are covered with lon-
gitudinal sinusoidal corrugations of the same period. The
axes of the corrugations should be perfectly parallel. Follow-
ing Ref. 38, one can see that misalignment by 1° of the axes
of corrugations can lead to the loss of any lateral force. As
the first test body, we have used a sinusoidally corrugated
grating of size 5X5 mm? vertically mounted on the piezo-
tube of an AFM (see Fig. 1). Here, the corrugations have an
average period A=574.7 nm (i.e., more than two times
smaller than in Refs. 37 and 38 in order to achieve the re-
gime where the PFA becomes inappropriate for the calcula-
tion of the lateral Casimir force between the corrugated sur-
faces). The amplitude of corrugations on the grating A,
=85.4*+0.3 nm was a factor of 1.45 larger than in Refs. 37
and 38. A 320-um-long V-shaped silicon nitride cantilever of
the AFM was first uniformly coated with 40 nm of Al. This
modification of cantilever was performed to improve its ther-
mal and electric conductivity and prevent deformation due to
differential thermal expansion in vacuum.

A polystyrene sphere of a 200*+4 um diameter was
placed at the end of the cantilever with conductive Ag epoxy.
Next, a freshly cleaved mica sheet of 400 um length,
200 pwm width, and a few micrometer thickness was at-
tached to the bottom of the sphere also with Ag epoxy. Then
a second polystyrene sphere with a nominal diameter 2R
=200*=4 wm was attached to the bottom free end of the
mica sheet (see Fig. 1). After imprint of corrugations on its
surface (see below), this last sphere was used as the second
test body in the measurement of the lateral Casimir force. We
emphasize that the silver epoxy is rigid at all attachments.
The first sphere and mica sheet are needed to isolate the laser
reflection spot on the cantilever tip from the interaction re-
gion between the two corrugated surfaces. As a result, the
effect of scattered light from the top and sides of the corru-
gated plate is substantially reduced. The resulting system
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(cantilever, mica sheet, and the attached two spheres) was
uniformly coated with a 10 nm layer of Cr and then with a
more than 50 nm layer of Au in a thermal evaporator. Uni-
formity of coating was ensured through rotation of the
cantilever.*> The Cr layer was used to improve the adhesion
of the Au coating and prevent its peeling during the imprint
of the corrugations on the sphere.

The lateral Casimir force arises when the uniaxial corru-
gations on the two test bodies are perfectly aligned and have
the same period A.?>-233738 To ensure that these conditions
are satisfied, we have imprinted corrugations on the second
sphere using the grating as a template. In order to obtain
deeper corrugations than in Refs. 37 and 38, a more sophis-
ticated procedure was implemented. Here, the template grat-
ing had a 300 nm Au coating applied by the manufacturer on
top of sinusoidal corrugations made of hard epoxy on a
3-mm-thick Pyrex substrate. Note that hard epoxy does not
require the use of the oxide of Al layer which was coated on
the soft plastic grating in Refs. 37 and 38. The smaller period
of corrugations used here required the use of a precise step-
per motor and piezocontrolled imprinting technique. The im-
printing procedure was done as follows. At first, the second
sphere was brought in contact with the grating using a mi-
cromanipulator. Then a hard flat stylus (see Fig. 1) was
moved in 10 um steps using a stepper motor until it comes
into contact with the other side of the sphere which is now
sandwiched against the grating. Next the imprinting was
done by applying a voltage to the z-piezo to gently press the
sphere between the grating and the hard flat stylus. To obtain
deeper imprints while preserving sphericity some additional
pressure was put on the sphere using the stepper motor. Spe-
cial care was needed at this step. If the applied pressure from
the hard flat stylus was too much, the resulting rotation of the
second sphere will cause the cantilever to break. There is less
concern on the preservation of sphericity as polystyrene
spheres are elastic. Then the voltage on the z-piezo is re-
versed to remove the pressure on the sphere. With the help of
the same stepper motor the hard flat stylus was gently re-
moved and the sphere was then translated horizontally by
around 200 um to a different position on the grating. The
last operation is necessary because the part of the grating
used to imprint corrugations on the sphere might have
changed its local amplitude during the imprinting process.
This translation was performed preserving the orientation of
the cantilever. The same imprinting procedure, but with ap-
plication of larger pressure by means of the stepper motor,
was done with a similar sphere in the second set of our
measurements. After the imprint process was done, the sys-
tem was left in vacuum for more than 2 h to reach a stable
equilibrium.

The corrugations on the grating and on both spheres were
examined using an AFM and found to be rather homoge-
neous. This was done after the completion of the experiment.
An AFM scan of the Au-coated corrugations of the vertical
template grating is shown in Fig. 2(a). The value of the am-
plitude of these corrugations A;, also measured using the
AFM, is indicated above. The variance of the stochastic
roughness on the grating was estimated in the following way.
The topography of the groove from an AFM scan [see Fig.
2(a)] was fitted to a sine function. Note that the top and

115417-3



CHIU et al.

z(nm)

280 T

140 T

150

100

50 -

0 250 500 750
z (nm)

FIG. 2. (Color online) (a) An AFM scan of the grating surface
showing the sinusoidal corrugations covered with stochastic rough-
ness. (b) A typical section of the grating surface along a y=const
plane. The solid line shows a sine function obtained from the fit.

bottom of corrugations are symmetric as expected for a sine.
This is illustrated in Fig. 2(b) where a typical section of Fig.
2(a) along a y=const plane is shown. Then the difference of
heights between the groove topography and the sine function
was calculated at a sufficient number of intermediate points.
The variance was found using these differences as the root-
mean-square (rms) deviation between the two curves. A total
30 grooves were used to evaluate the average value of the
variance leading to &=13 nm. In Fig. 3(a) we show an
AFM scan of the corrugations imprinted on the sphere used
in the first set of our measurements. The amplitude of these
corrugations over a 30X 30 um? area on the sphere was
measured with an AFM to be A,=13.7+0.4 nm (i.e., an
increase by a factor of 1.7 as compared with Refs. 37 and
38). Figure 3(b) is a typical section of Fig. 3(a) along a y
=const plane. It illustrates a symmetry between the top and
bottom of the imprinted corrugations. The variance of the
stochastic roughness of the imprinted grooves 6, was found
using the same procedure as for a grating with the result &,
=2.7 nm.

In Fig. 4 the AFM scan of a 5X 5 um? area of imprinted
corrugations on the sphere used in the first set of measure-
ments is demonstrated. Here, the lighter tone shows higher
points, as indicated in the additional scale. As is seen in Fig.
4, the imprinting procedure did not destroy the sphericity of
the imprinted surface. An AFM scan of the sphere surface
with imprinted corrugations used in the second set of our
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FIG. 3. (Color online) (a) An AFM scan of the surface of the
sphere used in the first set of measurements showing the imprinted
sinusoidal corrugations covered with stochastic roughness. (b) A
typical section of the grating surface along a y=const plane. The
solid line shows a sine function obtained from the fit.

measurements was also performed. The amplitude of these

corrugations was measured to be A,=255+0.6 nm (in-
crease by a factor of 3.2 as compared with Refs. 37 and 38).
The respective variance of the stochastic roughness in this

70.0 nm

35.0 nm

0.0 nm

5.00 pm

FIG. 4. (Color online) The imprinted corrugations on the sphere
used in the first set of measurements. The lighter area shows higher
points and hence demonstrates the sphericity of the imprinted
surface.
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FIG. 5. (Color online) The imprinted corrugations on the sphere
used in the second set of measurements. The lighter area shows
higher points and hence demonstrates the sphericity of the im-
printed surface.

case was 52=8.8 nm. Note that the relatively large values of
the variance of the stochastic roughness presented above (in
comparison with the case of flat surfaces*?) are explained by
the fact that the rms deviation is calculated along the z axis,
i.e., not perpendicular to the corrugated surface at most of
the intermediate points. In Fig. 5 we show a 5X5 um? area
of the corrugations imprinted on the sphere used in the sec-
ond set of our measurements. As can be seen in this figure,
the grooves are deeper than for the sphere used in the first set
of measurements, and the sphericity of the surface is pre-
served. The diameters of the spheres with the imprinted cor-
rugations used in the first and second set of measurements

were measured to be 2R=194.0*03 um and 2R
=194.8+0.3 um, respectively, using a scanning electron
microscope (SEM). The SEM was calibrated with a NIST-
traceable calibration grating which was independently cross
calibrated with our interferometrically calibrated AFM.

The distinctive feature of our setup is that the lateral Ca-
simir force acting along the x axis tangential to the corru-
gated sphere and a grating leads to the vertical bending of the
cantilever. This bending is measured using bicell photo-
diodes A and B in Fig. 1. Whereas a force acting normal to
the test bodies (the normal Casimir force) leads to a torsional
deflection of the cantilever. The torsional spring constant of
the used cantilever K,,, was found to be 46 times larger than
the bending spring constant Ky, (see the next section). Be-
cause of this the normal Casimir force could lead to only a
negligible change in the position of the second sphere and in
the phase of the corrugations. Thus the setup used is much
more sensitive to detecting the lateral Casimir force while
simultaneously suppressing the effect of the normal Casimir
force.

III. ELECTROSTATIC CALIBRATIONS

The calibration of the cantilever (i.e., the determination of
its spring constants), the measurement of the residual poten-
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tial difference V,, between the sphere and the plate, and the
determination of the separation on contact z, were done by
using both the normal and lateral electric forces. We begin
with the determination of K. and V, by means of the normal
electric force. For this purpose we have measured the tor-
sional cantilever deflection due to the voltages V applied to
the grating while the sphere remained grounded. This was
performed through the measurement of the difference signal
between the bicell photodiodes shown in Fig. 1. To deter-
mine the parameters of our interest, the measured deflection
signal ¢ at some separation a between the zero levels of
corrugations on the grating and on the sphere, where the
Casimir force is negligible, should be fitted to the theoretical
expression for the normal electrostatic force between the cor-
rugated surfaces. To attain these ends we begin with a brief
derivation of such an expression in the sphere-plate configu-
ration which is not available in the literature.

In the configuration of an ideal metal sphere above an
ideal metal plate with smooth boundary surfaces the exact
expression for the electric force is well known.** In the range
of separations from =100 nm to a=6 um it can be
represented® by the following polynomial with a relative
error less than 1074%,

FyoP(a) = - 2mey(V = Vo) *D(a),

6 i
D(a) = ci<£> , 1
(a) Zl R (1)

where €, is the permittivity of free space and the numerical
coefficients c; are given by

c,=05, cy=—1.18260, ¢, =22.2375,
cy=—571.366, c¢3=9592.45, c,=—"90200.5,
¢5=383084, cq=—2300357. )

The approximate expression for the electric force in the case
when the surfaces of a sphere and a plate are covered with
sinusoidal corrugations can be obtained using the PFA, as
applied to electric forces. For this purpose we consider the
separation along the z axis between any two points z; on the
corrugated sphere and z,, on the corrugated plate

73— 2, =a+A, sin2Qmx/A + @) — Ay sin2mx/A). (3)

Here a, as defined above, is the closest separation between a
perfectly shaped sphere and a plate, and ¢=2mxy/ A is the
phase shift between the corrugations of both bodies. Then,
according to the PFA, the normal electric force between a
corrugated sphere and a plate is obtained from Eq. (1) by
averaging over a period as

A

1
Ffllor(a’ ¢)=-2mey(V~ Vo)zxf dx®(z, - Zp)~ 4)
0

The integral in Eq. (4) can be calculated by using the follow-
ing substitution of Eq. (3),
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zy=2zp=all + B cosQmx/A - a)], (5)
where
1
B = Bla,g) = —(AT+A5 24,4, cos ¢)'?,
a
tan a= (A, cos ¢ —A,)/(A; sin ¢). (6)

Substituting Eq. (5) into Eq. (4) and performing integration,
one obtains

R 1 a

T tcytc
2a\1 - p?

Frellor(a’ (P) == 277-6()(‘/_ V())2|: R

a*2+ B a*(2+35%)
+ CH 2R2 + C3 2R3
a*(8+2482+ 384
+
8R*
a®(16 + 1208° +908* + 58°)
16R® '

a’(8 +408% + 158%)
S8R’

+C4 Cs

(7

+C6

It is well known that for corrugated surfaces the use of the
PFA may not lead to precise expressions for the Casimir
force.2>% For a static electric force, however, the PFA
should work much better because in this case the diffraction
effects are absent. To verify the validity of Eq. (7), we ap-
plied a three-dimensional finite-element analysis (FEA) us-
ing COMSOL MULTIPHYSICS (Ref. 46) to numerically solve the
Poisson equation with appropriate boundary conditions in the
configuration of corrugated sphere and plate. In the FEA
computation, it is difficult to use the whole corrugated sphere
and plate due to computer limitations. This necessitates the
use of truncated spheres and parts of the plates. Such a re-
placement is justified as the primary contribution to the force
comes from sphere-plate regions which are in close proxim-
ity. However, the error introduced by the truncation has to be
independently confirmed to be negligible by varying the size
of the regions of the sphere and plate used in the computa-
tions.

Computations were performed as a function of the com-
mon size / of a truncated section of the corrugated sphere and
a square corrugated plate. The separation distance and phase
difference between the corrugations on both surfaces were
set to =250 nm and ¢=m/2, respectively. The system was
enclosed in a grounded rectangular box which represents the
boundary conditions at infinity. Next, boundary conditions
(applied voltages) identical to the experimental parameters
were assigned to all objects. The rectangular enclosure and
the sphere were both set to be grounded. The rectangular box
was automatically set to be at infinity by COMSOL MULT-
IPHYSICS. Next the Poisson equation was solved for the given
boundary conditions. Then the normal electrostatic force was
calculated by integrating the zz component of the Maxwell
stress tensor over the surface of corrugated sphere and com-
pared with Eq. (7). To make sure that the solution converged,
the size of the corrugated objects and the number of the
surface mesh elements were both varied and the force recal-
culated. For each [, the number of the mesh elements was
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increased from 1 million to 22 millions until the calculated
force converged. The size of the truncated section of the
corrugated plate and sphere was increased from /=14 um to
/=50 pum. The convergence of the force was observed for
[>45 pm. The corresponding difference of Eq. (7) from the
FEA results varied from —36% to 2.8% when [ increased
from 14 um to 50 um, respectively, with convergence at
the largest values of /. Thus, we confirmed from simulations
that Eq. (7) is valid with an error less than 2.8%. It turns out
that this error is almost phase independent and, thus, does
not propagate to the lateral electric force.

Now we return to the experimental electrostatic calibra-
tions using the normal electric force. The deflection signal
Sﬁlor was measured for eight different voltages between —0.52
and 0.47 V applied to the grating at the constant grating-
sphere separation a=1 um where the Casimir force is neg-
ligibly small (see below for the determination of absolute
separations using the lateral electrostatic force). The respec-
tive experimental normal electrostatic force is given by

Fol (a,¢) = ki Sur(a, @), (8)

where k, is the normal force calibration constant measured
in the units of force per unit deflection signal (note that for
the attractive force the deflection signal is negative). This
constant is connected with the torsional spring constant dis-
cussed above as

kior = KiorMiors (9)

where the deflection coefficient m, is measured in the units
of length per unit deflection signal. The obtained experimen-
tal data for S and for the respective force F! from Eq. (8)

was fitted to Eq. (7). The resulting mean values of V,, and k.
found from the fit are

Vy=-39.6%1.6 mV, kg =7.00=0.08 nN/unit S.

(10)

Measurement of the lateral Casimir force as a function of
absolute separation requires knowledge of the lateral force
calibration constant

kben = Kbenmben ’ (1 1 )

where my,, is the bending deflection coefficient. If the sepa-
ration on contact z, is determined, absolute separation be-
tween the mean values of the corrugations on both surfaces is
given by*!!

a=zp+ Zpiezo + Snormlors (12)

where zic,, is the distance moved by the plate owing to the
voltage applied to the piezoelectric actuator, S, is the pho-
todiode difference signal due to the force (either electric or
Casimir).

The determination of k., and z, is achieved by measuring
the cantilever deflection signal due to the lateral electrostatic
force which arises when a voltage is applied to the grating.
The measurements of this signal were performed at small
separations from close to z, to zp+120 nm. Note that cali-
brations using the lateral electrostatic force were done after
the measurements of the deflection signal due to the lateral
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Casimir force are performed but are reported in this section
for the benefit of the reader. First, a voltage of 141.456 mV
was applied to the grating. The sphere was kept at a distance
3.96 nm from z,. The phase shift between corrugations was
changed continuously at a frequency 0.103 Hz with the
x-piezo to a maximum translation of 3.3 um.

It is important that corrugated surfaces move parallel to
each other as the phase is changed with the x-piezo. The
grating template was mounted as parallel as possible to the x
axis on the AFM piezo. However, experimentally there is
always a finite nonzero angle between the grating template
and the x axis. When the phase change is introduced by
moving the x-piezo, this tilt will lead to changes in the sepa-
ration distance between the corrugated surfaces, which in
turn would result in a systematic error of decreasing or in-
creasing force with phase. This nonparallelity should be cor-
rected before start of the experiments using the lateral elec-
trostatic force. A voltage is applied to the plate and the lateral
electrostatic force is monitored as a function of the phase
over many periods of the grating. A correcting voltage
adapted from that applied to the x-piezo using an adjustable
voltage divider was synchronously applied to the z-piezo.
The applied voltage to the z-piezo was changed till the am-
plitude of the lateral electrostatic force become independent
of the phase. As an example, in Fig. 6 we show the deflection
signal due to the lateral electrostatic force versus the phase
difference x, between the corrugated surfaces (a) before and
(b) after the tilt correction was introduced. This was done
approximately 25 nm away from contact with a 0.2 V applied
voltage. It can be seen that the amplitudes of each peak are
more identical in Fig. 6(b). This procedure experimentally
verifies that the separation distance between the corrugations
remains fixed as the phase was changed with the x-piezo.

The cantilever deflection signal S} corresponding to the
total force acting at the separation a=z,+3.96 nm (sum of
the lateral electrostatic and lateral Casimir forces) was re-
corded at 8192 evenly spaced data points. The sphere was
moved further away from the grating by 5.40 nm to a sepa-
ration 9.36 nm from gz, and the measurement was repeated.
The cantilever deflection signal S|% was measured at many
other a at the same voltage and also for a second voltage of
101.202 mV applied to the grating. To obtain the deflection
signal due to the lateral electrostatic force alone, it is neces-
sary to subtract from the obtained signal S} the deflection
signal St due to the lateral Casimir force (the signal S5, was
measured before S} and the respective measurement data are
reported in Sec. IV). To perform this subtraction, i, was
fitted to the following sum of harmonics:

5

St(a,¢) = 2 Aya)sin(ke), (13)
k=1

which takes proper account of the fact that the lateral Ca-
simir force is asymmetric (see Sec. IV). As the sphere-
grating separations in the measurements of the lateral Ca-
simir force and of the total force are not identical,
interpolation was used to determine the values of A;(a) at the
separations corresponding to the total lateral force. After de-
termination of the coefficients Ay (a) from the fit, the signal
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FIG. 6. The deflection signal due to the lateral electric force
versus the phase shift (a) before and (b) after the correction to the
tilt between the grating and the x axis was introduced.

St, was subtracted from the data for the total deflection sig-
nal S The obtained deflection signal S5\ now corresponds

to the lateral electrostatic force

F(a,¢) = kenSSh (@, ). (14)

The experimental force data in this equation were used to
determine the calibration parameter k., and z, from the fit to
the theoretical expression for the lateral electric force.

To derive the analytic expression for the lateral electric
force acting between the sinusoidally corrugated surfaces of
a sphere and a plate, we start with the electrostatic energy in
sphere-plane configuration with smooth surfaces*’#
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R
EP(q) = = 2mrey(V - V0)2R[c_1 In—+¢
a

6 C: a i+1
Eﬁ(}) } 43)

Here, the integration constant ¢ is equal to*’

=—In2+—+—, (16)
where 0= 60=1 and c; are defined in Eq. (2).

Using the PFA, we obtain the electrostatic energy between
sinusoidally corrugated surfaces of a sphere and a plate in the
form

A

1
Flag)=1 f XE(z, - 7)), (17)
0

where z,—z, is given by Egs. (3), (5), and (6). Using the
definition of the lateral electric force [see the formula for the
phase shift below Eq. (3)]

J 29 0
1 , =__Eel , =___Eel , 18
Fiy(a, ) P (a,¢) A\ 7g (a,¢) (18)

and calculating all integrals in Eq. (17), we arrive at the
result

AA 2
Fl(a,¢0) = 7€) (V= Vo)’ R—-2 ;
lat(a QD) 60( 0) N V- BZ(I +41- Bz)

6 i+l
—22, ic,-(}%) Y,}. (19)

Here, the parameter 8= B(a, ¢) is defined in Eq. (6) and the
coefficients ¥;=Y,(/3%) are given by

1 2 3 2
Y1=Y2=1, Y3=1+Zﬁ, Y4=1+ZB,

4 1 5
Y5:1+5,82+§B4, Y6:1+10B2+§,84. (20)

By fitting the force data in Eqgs. (14) and (19), the quantities
kpen and zo were found. This was repeated for four different
electrostatic force measurements and the average values ob-
tained are

20=1173 £3.0 nm, k., =1.27 = 0.06 nN/unit S.

1)

Using an independent quad-cell AFM measurement of
the torsional movement of such a cantilever, the torsional
spring constant was found to be K,,=0.28*=0.05 N/m.
The value of the bending deflection coefficient my,,
=209*+3 nm/unit § was obtained in the same way as in
normal Casimir force measurements*># from the change in
position of the contact point for application of different volt-
ages to the plate during the normal electrostatic force mea-
surement. Then the value of the bending spring constant
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Kien=(6.1+0.3) X 10> N/m was found from Eqs. (11) and
(21). By comparing the two spring constants, we find that
Ko/ Kpen =46 which means that our system is really much
more sensitive to the lateral rather than to the normal Ca-
simir force.

In recent literature™ there is a discussion that in several
measurements of the Casimir force the residual potential dif-
ference V|, depends on separation, whereas in some other it is
constant. Because of this, we have performed an additional
control measurement of V|, at short separation a=127.3 nm
using the parabolic dependence of Fﬂt in Eq. (19) on V. For
this purpose five different voltages close to the residual po-
tential difference were applied to the grating and the cantile-
ver deflection was measured as a function of V leading to
Vy=-39.4 mV. This is consistent with the result, Eq. (10),
obtained at large separation a=1 wm and confirms that in
our experiment the residual potential difference is separation
independent.

The same calibration procedures, as described above for
the first set of measurements, were repeated for a second
set with a larger corrugation amplitude of 25.5 nm on the

sphere. Here we obtained a residual potential difference \70
=-28.35%1.15 mV and the following values of the separa-
tion on contact and of the lateral force calibration constant,

Kpen=2.05 = 0.11 nN/unit S.
(22)

Zo=131.4 £ 3.8 nm,

Typically in our second set of measurements with the larger
amplitude corrugations the calibration errors are a bit larger
than in the first, where smaller amplitude corrugations were
used.

IV. MEASUREMENT DATA FOR THE LATERAL
CASIMIR FORCE AND ERROR ANALYSIS

Now we describe how the measurements of the lateral
Casimir force were performed. In this case the residual volt-
age V|, as determined in the electrostatic calibration using
the normal electric force, was applied to the grating in order
to make the electric force equal to zero. The x-piezo was
used to move the grating along the x axis and thus change ¢.
The z-piezo, which was independently controlled by an ex-
ternal voltage source, was used to change a. The piezo ex-
tensions with applied voltage in both directions were cali-
brated using optical interferometry.!

Initially the corrugated sphere was positioned 3.79 nm
from the separation on contact between the two surfaces z,
determined by the corrugations and the highest roughness
peaks. The thermomechanical drift of the separation distance
was measured to be 0.14 nm/min from the difference in the
z-piezo voltage to bring about contact of the two corrugated
surfaces after a time interval around 30 min. A phase shift
was introduced by moving the x-piezo continuously for a
total distance of 3.3 wm at 0.103 Hz. The photodiode signal
corresponding to the cantilever deflection was filtered with a
low-pass filter with a 30 ms time constant and recorded at
each of the 8192 points corresponding to x changes of 0.4
nm. The effect of the scattered laser light which would lead
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to a linear modification of the signal with phase was found to
be negligible in this experiment.

Then the separation from z, was increased by 3.6 nm
from 3.79 to 7.39 nm and the deflection signal Sl(fu was simi-
larly measured as a function of ¢ and recorded. After this,
the separation from z, was increased by 3.96 nm from 7.39
to 11.35 nm and the measurements repeated. Next Sﬁt due
to the lateral Casimir force as a function of ¢ was measured
at separations of 20.05, 32.48, 45.30, 58.01, and 70.86 nm
from z,.

Using the values of k., and z, obtained through the elec-
trostatic calibration (see Sec. III) the measurement data for
the deflection signal Sf,, were converted into values of the
lateral Casimir force at every separation a as,

Fﬁ[(a’ (P) = kbensl(ejlt(a’ QD) . (23)

The resulting lateral Casimir force for a sphere with the cor-
rugation amplitude A,=13.7 nm over four corrugation peri-
ods is shown in Figs. 7(a)-7(c) as dots versus the normalized
lateral displacement x/A between the corrugated surfaces at
separations a=124.7 nm, 128.6 nm, and 149.8 nm, respec-
tively. Similar results were obtained at all other a listed
above. As can be seen in Fig. 7, the lateral Casimir force is a
periodic function of the phase shift. The maximum values of
the lateral force, f= max\Fﬁn, decrease with the increase in
a. The important characteristic feature of the periodic curves
in Figs. 7(a)-7(c) is that they are asymmetric, i.e., the depen-
dence of FC, on x/A is not strictly sinusoidal (note that the
sinusoidal dependence of the lateral force on the phase shift
holds only if the calculation is restricted to the lowest order
in corrugation amplitudes ~A,A,; see Sec. V), The true
asymmetry of the measured lateral force is obvious even
without the theory curve. For example, in Fig. 7(a) the aver-
age shift of each maximum point from the midpoint of two
adjacent minima is (0.12*+0.02)A. With the increase in
separation, the relative contribution of higher perturbation
orders in a small parameter A,A,/a® decreases and the de-
pendence of the lateral force on the phase shift becomes
more close to sinusoidal. The solid lines in Fig. 7 are related
to the exact theoretical computations. They are discussed in
Sec. VL.

The experimental values of the max|Fy, | versus separation
a are shown in Fig. 8 as crosses. The arms of the crosses
indicate the total experimental errors determined at a 95%
confidence level using the following procedure. From the
data of the phase curves in Fig. 7 (and related curves at all
the other separations measured) we have calculated the mean

values f and the variances s7 of the quantity f=max|Fﬁn| at
each a (see columns 2 and 3 in Table I). For the first set of
measurements under consideration, the averaging was per-
formed over the four periods. The respective Student coeffi-
cient is f(1,,),(3)=3.18, where y=0.95. Thus, the experi-
mental random error is obtained from the data in column 3 of
Table I as

A" f(a) = s7t0,975(3). (24)

The main sources of systematic errors in the quantity f are
the errors due to the uncertainty in k., and due to the reso-
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FIG. 7. (Color online) The experiment (dots) and the exact
theory (solid lines) for the lateral Casimir force versus the lateral
displacement normalized for the corrugation period at the separa-
tions (a) 124.7 nm, (b) 128.6 nm, and (c) 149.8 nm in the first set of
measurements with corrugation amplitude on the sphere of 13.7 nm.
No fitting parameters are used.
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FIG. 8. The experimental data (crosses) and theoretical values
computed using the exact theory (the band between the solid lines)
and using the proximity force approximation (the band between the
dashed lines) for the maximum magnitudes of the lateral Casimir
force versus separation in the first set of measurements. No fitting
parameters are used.

lution of data. According to Eq. (21), Akpen/Kkpen=0.047.
From Eq. (23) this leads to the systematic error AY*f(a)
=0.047f(a). The systematic error resulting from the reso-
lution of data does not depend on separation AY*f(a)
=0.035 pN. Combining these two errors at a 95% confi-
dence level as random quantities characterized by a uniform
distribution,?%>%3 we obtain the values of the total systematic
error given in column 4 of Table I. Using the rule for the
combination of random and systematic errors at the same
confidence level,>>>>3 we obtain the total experimental error
A™'f as a function of separation presented in the fifth column
of Table I. As can be seen in Table I, all absolute errors are
larger at shorter separations and decrease with increasing
separation. This might be explained by local deviations of

TABLE 1. The mean values (column 2), the variances of the
mean (column 3), the systematic errors (column 4), and the total
experimental errors at a 95% confidence level (column 5) of the
measured maximum magnitudes of the lateral Casimir force f
Emax|l~',cm| at different separations (column 1) for the first set of
measurements.

a f s ASYSUf A
(nm) (pN) (pN) (pN) (pN)
121.1 493 3.6 24 1.1
124.7 36.4 13 1.7 47
128.6 27.8 24 1.3 7.1
137.3 17.6 0.72 0.86 25
149.8 9.50 0.56 0.48 1.8
162.6 5.76 0.23 0.30 0.8
175.3 371 0.37 0.20 1.1
188.1 2.33 0.40 0.13 1.1
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the shape of corrugations from perfect sinusoidal form which
are more influential at shorter separations. The total relative
error of max|Fj,| at a=121.1 nm is equal to 22.5% (at a
95% confidence level). The relative errors at separations a
=124.7, 128.6, and 137.3 nm are equal to 13%, 25.5%, and
14%, respectively.

The error in the measurement of the absolute separations,
Aa, is a combination of the error in the determination of z,
Azp=3 nm, indicated in Eq. (21) and the error in the quan-
tity Zpieso+Snorior i EQ. (12). The latter is equal to the half
of the first step of the z-piezo, A,z~2 nm. Combining these
two errors at a 95% confidence level with the help of the
same rule, as applied above for the systematic errors,>>2-3
one obtains Aa=4 nm. This is a factor of 8 improvement as
compared with Ref. 38. Note that the bands between the
dashed and the solid lines in Fig. 8 are related to theoretical
predictions using the PFA and the exact theory, respectively.
They are discussed in Secs. V and VI.

The same measurement procedure, as described above,
was applied in the second set of measurements for a sphere

covered with deeper corrugations of an amplitude 52. The
resulting lateral Casimir force over five or six corrugation
periods is shown in Figs. 9(a)-9(c) as dots versus the lateral
displacement at separations a=134 nm, 156.5 nm, and 179
nm, respectively. Similar results were obtained also at sepa-
rations a=145.2, 201.6, 224, and 246.6 nm. In the same way,
as in Fig. 7, the lateral Casimir force at each a is a periodic
function which is asymmetric (nonsinusoidal). The asymme-
try is more pronounced at shorter separations. The experi-
mental values of the max|F§n| versus separation are plotted in
Fig. 10 as crosses. Similar to Fig. 8 the arms of the crosses
show the total experimental errors of force and separation
measurements determined at a 95% confidence level. Equa-
tion (22) and the same statistical procedure, as in the first set
of measurements, were used to determine these errors with
the only difference that for the second set the averaging was
performed at all separations over five periods [the respective
Student coefficient is #(;,)»(4)=2.78 with y=0.95]. The to-
tal error in the measurement of separation, Aa=4.7 nm,
turned out to be a bit larger than in the first set of measure-
ments. The total error of the lateral force measurements dem-
onstrates similar irregular behavior on separation distance.
This can also be explained by the influence of local devia-
tions of groove shape from sinusoidal form keeping in mind
that with larger corrugation amplitude the role of such devia-
tions should be larger. In Table II we present the mean val-
ues, the variances of the mean, the systematic errors, and the
total experimental errors (at a 95% confidence level) of the
maximum magnitudes of the lateral Casimir force at different
separations for the second set of measurements. The total
relative error of the lateral force measurements at separations
a=134, 145.2, 156.5, and 179 nm varies as 23%, 16%, 14%,
and 13%, respectively, all calculated at a 95% confidence
level.

V. COMPUTATION OF THE LATERAL CASIMIR FORCE
USING THE PROXIMITY FORCE APPROXIMATION

In this section and in Sec. VI we compare the obtained
experimental results for the lateral Casimir force with two
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FIG. 9. (Color online) The experiment (dots) and the exact
theory (solid lines) for the lateral Casimir force versus the lateral
displacement normalized for the corrugation period at the separa-
tions (a) 134 nm, (b) 156.9 nm, and (c) 179 nm in the second set of
measurements with corrugation amplitude on the sphere of 25.5 nm.
No fitting parameters are used.

PHYSICAL REVIEW B 81, 115417 (2010)

max | Fi | (pN)

140 160 180 200 220 240
a (nm)

FIG. 10. The experimental data (crosses) and theoretical values
computed using the exact theory (the band between the solid lines)
and using the proximity force approximation (the band between the
dashed lines) for the maximum magnitudes of the lateral Casimir
force versus separation in the second set of measurements. No fit-
ting parameters are used.

theoretical approaches applicable in the case of corrugated
surfaces: the PFA and the exact scattering approach, respec-
tively, with no fitting parameters. As was mentioned in Sec.
I, the PFA approach was also used to compare with theory
the measurement data of the first observation of the lateral
Casimir force in Refs. 37 and 38. However, in those papers
the real properties of Au were described using the simple
plasma model and fourth-order perturbation theory with re-
spect to the relative skin depth at zero temperature. Here, we
develop a more complete description of the experimental
data in the framework of the PFA approach based on the
Lifshitz formula at the laboratory temperature. This will help
us to separate diffraction-type contributions to the lateral Ca-
simir force which are beyond the PFA.

We start with the Lifshitz formula for the normal Casimir
force acting between a sphere and a plate made of a real

TABLE II. The mean values (column 2), the variances of the
mean (column 3), the systematic errors (column 4), and the total
experimental errors at a 95% confidence level (column 5) of the
measured maximum magnitudes of the lateral Casimir force f
=max|F}, | at different separations (column 1) for the second set of
measurements.

a f 57 AW A
(nm) (pN) (pN) (pN) (pN)
133.9 52.5 45 25 12.0
145.2 24.1 1.35 1.2 3.9
156.5 13.6 0.60 0.67 1.9
179.0 6.62 0.26 0.35 0.86
201.6 3.49 0.24 0.20 0.69
224.1 2.37 0.31 0.15 0.81
246.6 1.48 0.25 0.10 0.63
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+1In[1 = rAg(iék | e 2T} (25)

Here, kg is the Boltzmann constant, &=2wkTl/h with [
=0,1,2,... are the Matsubara frequencies, prime near the
summation sign adds a multiple 1/2 to the term with /=0.
The reflection coefficients for the transverse magnetic and
transverse electric polarizations of the electromagnetic field
are defined as

. e1q;— -k
rom(igk ) =="—1 rTE(zgl,kn- . (26)
81 1+k1 kl
where
2 2
GeRr T Beref @)

and g,=¢&(i§) is the dielectric permittivity for the material of
the sphere and plate calculated along the imaginary Matsub-
ara frequencies. Equation (25) is obtained from the standard
Lifshitz expression for the free energy in the configuration of
two parallel plates by the multiplication by 27R in accor-
dance with the PFA. Keeping in mind the values of the ex-
perimental parameters (R~ 100 wm,a~ 100 nm), one can
conclude that the error introduced by the use of the PFA in
this case [of about a/R=0.1% (Refs. 8 and 54-56)] is neg-
ligibly small.

Now we consider the sphere and the plate covered with
sinusoidal corrugations described in Secs. II and III. Within
the PFA approach, the approximate expression for the normal
Casimir force acting between corrugated surfaces of a sphere
and a plate can be obtained from Eq. (25) by replacing a with
7,2, defined in Eq. (3) and averaging over the period of
corrugations A. By expanding also the logarithms in Eq. (25)
into a series, we arrive at

kBTR:S 25

n=1 1 1=0

X[rTr]lVI(igl,kL) + rTr]lE(igl,kL)]e_quna

Fola, ) =~

n

dekl

A
X f dxe—Zq,n[Az sin(2mx/A+¢@)-A; sin(2mx/A)]
0

(28)

From this expression it is simple to obtain the Casimir en-
ergy in the configuration of a sphere above a plate both cov-
ered with sinusoidal corrugations

PHYSICAL REVIEW B 81, 115417 (2010)

ES(a,@) = J dzF 0 (2. ¢)

B kBTRE 2 dekl
2A n1” =0 q

xriigik.) + r&(ig,,kg]e-%m

A
X f dxe—Zq,n[Az sin(2mx/A+¢)-A; sin(2mx/A)]
0

(29)
Introducing the dimensionless variables
2aé

y=2aq; {§= B == (30)

and performing the integration with respect to x, one can
rearrange Egs. (28) and (29) to the form

kTR
BEE ydy

4]
X[rnilny) + (il y) e I(nBy), (31)

Fio(a, @)=~

kBTR28 ES

_t i gl
X[rng(idy) + ri(i8.y)le ™ Io(nBy).  (32)

Here, I,(z) is the Bessel function of an imaginary argument
and B is defined in Eq. (6).

The general expression for the lateral Casimir force can
be obtained from Eq. (32) in the same way as the lateral
electric force in Eq. (18). After performing the differentia-
tion, we rearrange the result to the form

Ea.¢)=-

7ksTRAA,
Fi(a,¢) = ————2sin @2 E ydy
Aﬁ {[

X[rangiy) + r(i&,y) e ™ (nBy). (33)

This expression is convenient for numerical computations.

Equations (31) and (33) are generalizations for the case of
real materials of the previously known expressions obtained
at T=0 for ideal metal corrugated bodies. In this case 72y,
—rTE—l and one obtains

ficR
Fgor(a (ID E zdye_”'VIO(nBy) )

87Tan1n

ficRA IAZ .

2 —ny
n e y dye™ I (npBy).
4AB n=11 !

Fila,@) =

(34)

Introducing the new variable v=ny and performing the sum-
mation, we arrive at

mheR
72043

FCor(av QD) ==

n

f dvv*e™1,(Bv),
0
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FC

(@ @) = —Singoj dvv*e™1,(Bv). (35)
a 0

After performing the integration in these equations, the final
result is

mheR 2+ 3
F fag)=— ThR 24 B
nor(@: @) == 2 3 1"
’7T4hCRA1A2 .
Fiy(a.@) = 360 A(1 _Bz)s/zsm Q. (36)

The last expression for the lateral force was obtained in Refs.
37 and 38 with corrections due to the skin depth. In the first
perturbation order in A A, (i.e., for 8=0) this expression was
also used in Refs. 24 and 25.

Equations (31) and (33) take into account the sphericity of
the second test body and sinusoidal corrugations on both
bodies in the framework of the PFA and the nonzero skin
depth in the framework of the Lifshitz theory. To perform
numerical computations, one should use a model to represent
the dielectric permittivity. At the separations considered
(from 100 to 250 nm) the thermal effects do not play any role
in any of the theoretical approaches and reliable results can

be obtained using the generalized plasmalike model?>3940
2 6
w@4+l+2——ﬁ——, (37)
51 j=1 w + fz Y&

where ®,=9.0 eV for Au is the plasma frequency. The val-
ues of the oscillator frequencies w, relaxation parameters 7y;,
and the oscillator strengths g; leading to approximately the
same results for Im &(w) as those obtained from the optical
tabulated data>” over the frequency range from 2 to 25 eV are
listed in Refs. 2 and 40.

An important factor that is not taken into account in Eq.
(33) is the surface roughness. Stochastic roughness covering
the corrugated surfaces in both the sphere and the plate is
clearly seen in Figs. 2 and 3 and its measured variances are
presented in Sec. II. In view of its stochastic (nonperiodic)
character, surface roughness cannot influence the phase de-
pendence of the Casimir energy in the configuration of cor-
rugated surfaces. However, it contributes to the Casimir en-
ergy, and, thus, to the lateral Casimir force, through a phase-
independent correction factor which depends only on
separation. It has been found>? that the correction factor to
the Casimir force due to stochastic roughness in the configu-
ration of a sphere above a plate with no corrugations is given
by

2
nea) =1 +65%;25§ +45(5%Z45%) . (38)

Now we take into account that in the framework of the mul-
tiplicative approach the correction factor due to surface
roughness is the same for real and ideal metals. Keeping in
mind that the Casimir force between a perfectly shaped ideal
metal sphere and a plate is F(a)~ 1/a’, we obtain the cor-
rection to the Casimir energy by integrating the Casimir
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force with the inclusion of roughness, 7y(a)F(a), with re-
spect to a,

S+8  (5+8)

(@) =1+3——>—+15 R (39)
a a

Note that for the experimental variances (see Sec. II) the
fourth-order term in Eq. (39) is negligibly small. Thus, for
the first set of measurements at the shortest separation a
=120 nm the second-order term contributes 3% of the force
but the fourth-order term only 0.2% of the force. For the
second set of measurement with deeper corrugations on the
sphere the contributions of the second- and fourth-order
terms at separation a=134 nm are 4% and 0.3%, respec-
tively.

To obtain the correction factor to the lateral Casimir force
due to the surface roughness with account of the sinusoidal
corrugations on the sphere and on the plate, we should re-
place a with separation z;—z, between the corrugated sur-
faces in Eqgs. (3) and (5) and perform the averaging with
respect to the phase shift and the period

1
ncorr(a) =1+ 3(5% + 5§)<m>a

1 21
d d.
(z,— zp 277Aa f @f *

[1 +B COS(27TX/A —a)
Calculating both integrals in the second equality in Eq. (40)
and substituting the obtained result into the first equality, we
arrive at

(40)

@=1+ 5+ 8
Teor @) = L4 3 (@t A, A2
1 44,4,
X F|=.~:1;
2 2 (Cl+A1 2)((1+A2—A1)

(41)

where F(a,3;7v;z) is the hypergeometric function.
Substituting the values of A; and &; from the first set of
measurements (see Sec. II) in Eq. (41), we find that at sepa-
rations a=120, 150, and 200 nm the correction factor due to
surface roughness takes the values #.,,=1.054, 1.029, and
1.015, respectively. For the second set of measurements (i.e.,

using A, and & in Sec. II) the correction factor in Eq. (41)
takes the values 7,.,,=1.060, 1.041, and 1.021 at separations
a=130 nm, 150 nm, and 200 nm, respectively. It is seen that
even for the second set of our measurements, where the sur-
face roughness on the sphere is larger than in the first one,
the roughness correction is rather moderate and does not ex-
ceed 6% of the lateral Casimir force.

In Fig. 8 (the lower dashed line) we present the computa-
tional results for the maximum values of the lateral Casimir
force as a function of separation in the framework of the PFA
[i.e., using Egs. (33) and (37)] for the first set of our mea-
surements. This line does not take surface roughness into
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account. The upper dashed line in Fig. 8 presents the results
for max|Fﬁt| Neorr S @ function of separation, i.e., taking into
account the correction due to surface roughness. Keeping in
mind that the multiplicative approach provides the means to
estimate the effect of roughness rather than to calculate it
precisely on the basis of the fundamental theory, we consider
the band between the dashed lines in Fig. 8 as a theoretical
prediction given by the PFA approach. As can be seen in Fig.
8, the experimental data indicated as crosses are inconsistent
with the prediction of the PFA approach, thus revealing the
role of diffraction-type effects on the corrugations of rela-
tively small period used in this experiment.

In Fig. 10 a similar comparison between the experimental
data and theory using the PFA approach is done for the sec-
ond set of our measurements with corrugations of larger am-
plitude. The lower dashed line is computed using Egs. (33)
and (37) with the surface roughness disregarded. The upper
dashed line is obtained by the multiplication of the compu-
tation results by an additional factor 7, computed using
Eq. (41). Again the theoretical band between the dashed lines
is inconsistent with the experimental data shown as crosses
due to the neglect of diffraction-type effects. In the next sec-
tion we present a more fundamental theoretical approach tak-
ing the diffraction effects into account which brings theory
into agreement with the experimental data.

VI. COMPUTATION OF THE LATERAL CASIMIR
FORCE USING THE RAYLEIGH THEORY

The PFA approach used to calculate the lateral Casimir
force in the configuration of a sphere above a plate with
corrugated boundaries has an uncontrolled error which in-
creases with decreasing period of corrugations. As was men-
tioned in Sec. I, in such cases a more fundamental theory is
desirable which takes exact account of diffraction effects.
Here, we present such a theory, based on the scattering ap-
proach, for the configuration of two plates covered with pe-
riodical corrugations of arbitrary shape but common period.
This theory can be applied to our experimental configuration
by using the PFA for the transition from the configuration of
two plane plates to a smooth sphere above a plate. According
to our discussion in Sec. V, the error in computations intro-
duced by the use of the PFA for this restricted purpose alone,
is extremely small and quite satisfactory for the needs of our
experiment.

The scattering approach started with the work®® where it
was applied to obtain the Lifshitz formula and Refs. 59 and
60 on the multiscattering expansion. On this basis the multi-
pole scattering technique was developed in Refs. 61-63 and
was applied to several configurations with curved boundaries
for scalar and electromagnetic cases. Alternative techniques
within the scattering approach to the Casimir effect were
presented in Refs. 64—67. For objects of spherical and cylin-
drical shapes the multipole scattering technique was used in
Refs. 54, 55, and 68—70. This technique works well for large
separations between the objects and shows poor convergence
when the separations between the objects are small. At small
separations the leading asymptotic expansion of the Casimir
energy at zero temperature within the scattering approach
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FIG. 11. (Color online) Two longitudinal gratings of different
shape and same period A.

was developed in Ref. 71. The technique developed in Refs.
35 and 36 uses another basis, the Rayleigh basis, which is a
generalization of the plane wave basis. The Rayleigh basis is
a natural choice for grating geometries.

We consider two parallel three-dimensional longitudinal
(along the y axis) periodic (along the x axis) dielectric (me-
tallic) gratings of arbitrary form separated by a vacuum gap
so that they form a waveguide and one grating is located
above the other (we assume that the edge of the corrugation
region of each grating is perpendicular to the z axis). The
periods of both gratings A are equal. In general, the top and
bottom gratings can have different shapes and different di-
electric (metallic) properties. In Fig. 11 the height of the
corrugation region is equal to £ for the bottom grating. The
meaning of the lateral displacement x, becomes obvious
from the comparison of Fig. 11 with Figs. 12 and 13. We
suppose that the space between the two gratings is vacuum
with e=pu=1 and we assume u=1 inside the medium.

The physical problem is time and y invariant so that the
particular solutions for the electric and magnetic fields can
be written in the form,

Ei(x,y,2,1) = E{(x,z)exp(ik,y — iwt),
Hi(x,y,z,t) = Hi(x,z)exp(ik,y — iwt). (42)

The solutions of Maxwell equations should satisfy the qua-
siperiodicity conditions

FIG. 12. (Color online) The fictitious longitudinal grating for

which one evaluates the reflection matrix R&)t (see text for further

discussion).
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Xo A X

FIG. 13. (Color online) The top longitudinal grating in Fig. 11
for which one evaluates the reflection matrix Rgr)f The normal and
lateral shifts with respect to the fictitious grating shown in Fig. 12
are denoted by L and x, respectively.

E(x+ A7) = e*"Ei(x,2),

Hi(x+A,z) = e H (x,7). (43)

In every Casimir problem one needs to determine the com-
plete basis of solutions. Let us suppose that the top grating is
absent. We consider a generalized conical diffraction prob-
lem (k,#0) on the lower grating for the incident wave with
the x component of the wave vector equal to some fixed

value which we denote Ex. The longitudinal components of
the electromagnetic field outside the corrugated region (z
=h) may be written by making use of the Rayleigh
expansion’? for an incident monochromatic wave,

Ey(x,2) = I,%e) exp(ikx —ifVz)

+ > Rgfp) exp(ianx+i,8fll)z),

n=—o0o

Hy () = 1] explikr = iBV2)

+ 2 R(h) exp(ia,x +iB)z). (44)
Here
a, =k, +2mn/A (45)
with
k=T [A"}Ea—z—“p, (46)
A 27 A

where [r] is the integer part of the number r. From this it
follows that 0=k, <27/ A. The other notation in Eq. (44) is
as follows:
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B - -al,  (47)

X

E(l)z =w’ - ki -k
" and R () in Eq. (44) are the Rayleigh

coefficients. [Note that Wlth notations (45)—(47) it holds kx
=a,, B = ,3‘5,1).] The solution (44) is also valid outside any
periodic structure in x direction. All other field components
can be expressed in terms of the longitudinal components
E,,H, by using standard formulas as done in waveguide
theory. This can be done since the factor exp(ik,y) is con-
served after the reflection of the electromagnetic wave from
the grating.
At z=0 the solution has to satisfy the expansions

The quantities I -

E(x.2)= 2 T expliax— i),
H,(x,z) = > Tff;) exp(ia,x —iB?7), (48)
where
B =e0? -k - a, (49)

which are valid for z=0. The coefficients 7." are called the
transmission matrix coefficients.

The E, component of the electromagnetic field in the re-
gion 0=z=h is defined as follows:

o0

> Ej(z)exp(ia,x). (50)

n=—o

E\(x,2)=

The other components of the electromagnetic field in the
region 0=z=h are defined in analogy. Inside the corruga-
tion region 0=z=h it is convenient to rewrite Maxwell
equations in the form of the first-order differential equations,
dA/dy=M(z)A, where M(z) is a square matrix of dimension
8N+4, AT=(E)...E;" E}.. .EN H) .. I-QN,HN .HM) and
2N+1 is the number of coefﬁcrents consrdered in the expan-
sion (50) for E, and similar expansions for E,, H,, and H,.

For a rectangular grating the matrix M(z) is constant (in—
dependent of z). From Maxwell equations

, 9E,
ikyEy———=-iwH,
X
0H,
ik,H, - EL = iweE, (51)

we get

1 JE,
H, = (zk E - ) (52)
: ox

iw

Substituting into Eq. (52) the expansion (50) and analogous
expansions for all other components of E and H, we arrive at
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HY —ia, HY),

kyEy - ia,EY), (53)
where (0),_,, is the Toeplitz matrix.

The following equations follow from the remaining four
Maxwell equations,

n

= ik,E - iwH;,
dz

n
X . n . n
i =ia,E. + le),,

T

= l'kyH;l + 2 (iws)n_mE;n,

R© ) —

"e|41(1(g [7‘] ’
bot(kjnw) R (I jO

n3q3 qu P

To obtain the Casimir energy we need to determine the
eigenfrequencies of all the normal modes of the electromag-
netic field between the two periodic gratings. These eigen-
frequencies can be summed up by making use of an argu-
ment principle, which states

1 d
%35 $lw)- —In flo)do = > dlwg) = 2 plw.,).
(56)

Here, w, are zeroes, w,, are poles of the function f(w) inside
the contour of integration, and the degenerate eigenvalues
are summed over according to their multiplicities. For the
Casimir energy we have ¢(w)=hw/2. The equation for
eigenfrequencies of the corresponding problem of classical
electrodynamics is f(w)=0.

Consider first the plate-plate geometry when the two di-
electric parallel slabs (slab 1: z<<0, slab 2: z>L) are sepa-
rated by a vacuum gap (0<z<L). In this case the TE and
TM modes are not coupled. The equation for the TE eigen-
frequencies is

flw)=1- rTEbot(kJ_’ )r”l"zl%,top(kl7w)=0‘

Here rTE bOt(k 1,w) is the reflection coefficient of a plane
wave moving down which reﬂects on the dielectric surface
of the slab 1 at z=0 while rTE lop(k 1,w) is the reflection
coefficient of an upward moving plane wave which reflects
on the dielectric surface of the slab 2 at z=L and k|

=(k,, y) One can deduce from the Maxwell equations that

(57)

1=0) R, (1) = 1<h>—5,,q2)>
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dH"
*=ia,H. - > (iwe),_nEy.
dz m

(54)

One can substitute Eq. (53) into Eq. (54) and obtain a system
of the first-order differential equations for the Fourier com-
ponents of the electromagnetic field EY, EY, Hy, Hy in the re-
gion 0=z=h.

Now we have to determine the Rayleigh coefficients
R,(fp),R,(ll})) for the specific periodic geometry profile. One can
determine these coefficients by matching the solution of
equations inside the corrugation region 0 =z=#h with Ray-
leigh expansion (44) at z=h and expansion (48) at z=0. This
can be done by imposing the continuity conditions on each
Fourier component of the fields E,,E,,H,,H, at z=0 and z
=h.

There is no separation of the TE and TM modes for the
general case. That is why the reflection matrix R,(m)t for the
reflection from the bottom grating can be defined as follows

=0) R(h) ((e) OI(h (55)

494 Pq4)

r% top(k 1 w):r%%’bm(k 1, w)exp(2ik.L) [here, r(ﬁ%’bm(k 1,m)

is the reflection coefficient of a downward moving TE plane
wave which reflects from the dielectric slab 2 temporarily
located at the position of the slab 1, i.e., at z<0]. From Egq.
(57) and the analogous equation for the TM modes one im-
mediately obtains the Lifshitz formula by making use of the
argument principle, Eq. (56).

For two periodic dielectrics or gratings separated by a
vacuum gap one has to consider the reflection of downward
and upward moving waves from the unit cell 0<k,
<2m/A. Imagine that we removed the top grating in the
system. Then the reflection matrix of the downward moving
wave is defined as R,(JOt Imagine now that we remove the
bottom grating in the system. Then we denote the reflection
matrix of the upward moving wave as R(z) The reflection
matrices R{,'O)t,Rmp depend on the wave vectors of the incident
waves, parameters of the gratings, and the mutual location of
the gratings. The equation for normal modes states,

Rg)t))l(kJJwi)R(Z)(ki7wi7L’x0) lpi = ‘pi,

top

(58)

where i; is an eigenvector describing the normal mode with
the frequency ;. Instead of Eq. (57) one obtains

detl - Rk, @ RE (K, 0,Lx)]=0.  (59)

For every k,,k, the solution of Eq. (59) yields possible
eigenfrequencies w; for the solutions of Maxwell equations
that should be substituted into the definition of the Casimir

energy E=2fiw;/2.
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Suppose that the reflection matrix Rl(f))t for the reflection
from the fictitious (imaginary) grating located as in Fig. 12 is
known in the coordinates (x,z). Performing a change in co-
ordinates z=—z;+L, x=x,— (() (xg<A) in Eq. (44), it is pos-
sible to obtain the matrix R 2 for the reflection of upward
waves from a grating with the same profile turned upside
down and displaced from the lower grating by Ax=x,,Az
=L (see Fig. 13). It follows that

ROk | i&Lxg) = Q" (x)K(k | ,i&,L)
xRk i§)K(k ,i&,L)Q(x,), (60)

where Rbm(k 1,i&) is the reflection matrix of the downward
moving waves from the grating in the system of coordinates
(x,z) depicted in Fig. 12. Here, K(k | ,i&,L) is the diagonal
2(2N+1) matrix of the form

G, 0
Kk, ,i&L)= (0 G ) (61)
1

with the matrix elements exp[—L+ §2+k2+(k +27m/A)?]
(m=-N,...,N) on the main diagonal of the matrix G,. The
lateral translatlon 2(2N+1) diagonal matrix Q is defined as
follows:

0
0O(xo) = ( 0 G2> (62)
with matrix elements exp(2mimx,/A) on the main diagonal
of the matrix G,, where m=-N,...,N.

The summation over the eigenfrequencies is performed by
making use of the argument principle, Eq. (56), which yields
the Casimir energy of two parallel gratings on a unit cell of a
period A and unit length in the y direction,

ﬁCA o % 27/A
ES(L,xy) = wf dgf dk}.f dk
0 —o0

XIn detl] - Riy(k 1 i&) RNk 1 i&,L.x;)].
(63)

Here, as was defined in Sec. I, ¢=2mx,/ A and x, is a lateral
displacement of the two gratings. This is an exact expression
valid at zero temperature for two arbitrary parallel gratings
with equal periods A separated by a vacuum gap.

The Casimir free energy on a unit surface FC for the
system of two gratings can be written as follows:

o o /A
FLg) = %E’ dk, f

XIn det[1 - Rbot(kj.’lgl)RtOp(kJ_vlgle @]
(64)

This formula is valid for an arbitrary profile and an arbitrary
dielectric permittivity of each grating.

When one grating has a curvature of the sphere of the
radius R> A, the lateral Casimir force in this system Fy, can
be obtained by combining the use of the PFA for a sphere-
plate configuration and the exact formula for the free energy

of the two gratings, Eq. (64),
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FL(L,g)= 2R 2T f d'afc(; .0) (65)

For the sinusoidally corrugated sphere and plate used in our
experiment L=a+A;+A, and the lateral Casimir force is

given by
4kzTR
Fia.@)= f\ fd E dk,,f
XRigp(k 11,2 + Ay + A, 9)]. (66)

X1In det[] - R{,‘O)t(kl, i&)

Different methods were developed in grating theory starting
with the pioneering work of Rayleigh.” For our case of sinu-
soidal gratings we used the so-called differential method.”?
The integration of the first-order ordinary differential Eq.
(54) with the dielectric permittivity of the generalized plas-
malike model (37) in the corrugation region of each grating
was based on an explicit Runge-Kutta method and was per-
formed using the MATLAB package. Then the reflection ma-
trices R(l) and R(zg, were computed. The lateral Casimir force
Fi, was computed using Eq. (66) for the experimental pa-
rameters of the first and second set of measurement. Every
Matsubara term in Eq. (66) was evaluated with a precision of
1.5% which is also the computational precision of the ob-
tained FL,,.

In Figs. 7(a)-7(c) the exact computational results for the
lateral Casimir force as a function of the phase shift between
the sinusoidally corrugations on both surfaces are shown by
the solid lines at separations a=124.7 nm, 128.6 nm, and
149.8 nm, respectively (the first set of measurements with
corrugation amplitude on the sphere of 13.7 nm). No fitting
parameters are used in the comparison. As can be seen in
Figs. 7(a)-7(c), the solid lines are in a very good agreement
with the experimental data shown as dots. These lines clearly
demonstrate deviations from the sinusoidal behavior which
decreases with the increase in separation. Thus, both the ex-
perimental data and the exact theory confirm the prediction
of Ref. 38 made using the PFA approach that the lateral
Casimir force is asymmetric.

In Fig. 8 the exact computational results for the max|Fy |
are plotted as a band between the solid lines versus the sepa-
ration a between the mean levels of corrugations. The width
of the band takes into account the computational errors equal
to 1.5% and the correction to Eq. (66) due to surface rough-
ness. The lower solid line is obtained as the computed
max|F¢ | minus 0.015 max|F{

Tl where the correction factor
Neore TOT the first set of measurement was found in Sec. V. As
can be seen in Fig. 8, the exact theory is in a very good
agreement with the measurement data although it deviates
significantly from the theoretical band between the two
dashed lines computed using the PFA approach. Again no
fitting parameters are used in the theory. This allows one to
conclude that with the grating period of A=574.7 nm the
diffraction-type effects on the lateral Casimir force have
been reliably demonstrated both experimentally and theoreti-
cally.
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The results of similar computations using Eq. (66) are
presented by the solid lines in Figs. 9(a)-9(c) where the lat-
eral Casimir force is plotted as a function of the phase shift
for the second set of our measurements at a=134 nm, 156.5
nm, and 179 nm, respectively. As before no fitting param-
eters are used. In spite of the fact that the experimental data
of this set of measurements with deeper corrugations on the
sphere are more noisy, the exact theory is clearly consistent
with data and confirms the asymmetric (nonsinusoidal) char-
acter of the lateral Casimir force. In Fig. 10 the exact com-
putational results for the max|FC | in the second set of our
measurements versus separation are presented as the band
between the two solid lines. The width of this band takes into
account both the computational errors and the surface rough-
ness. It was found using the same procedure, as for the first
set of measurements, with the replacement of 7., by 7o
(see Sec. V). As in previous comparisons, no fitting param-
eters are used. It can be seen in Fig. 10 that in spite of the
larger noise in the second set of measurements, the data are
consistent with the exact theory. The deviations of both the
exact theory and the measurement data from the theoretical
prediction of the PFA approach are even more pronounced
than in the first set of measurements. Thus, the second set of
our measurements confirms the observation of the diffraction
effects in the lateral Casimir force.

VII. CONCLUSIONS AND DISCUSSION

In the foregoing we have presented the results of an ex-
perimental and theoretical investigation of the lateral Casimir
force which arises between Au-coated aligned sinusoidally
corrugated surfaces of a sphere and a plate spaced in close
proximity to each other. The most distinctive feature of this
experiment in comparison with the one performed
previously?”-3 is the use of the grating with much smaller
corrugation period which permitted to enter the region of
parameters outside the applicability of the PFA and observe
the nontrivial diffraction-type effects. Another distinctive
feature of this experiment is the use of much deeper corru-
gations on both the plate and the sphere. This allowed us to
observe an asymmetry of the lateral Casimir force (i.e., the
deviation of its profile from perfect sine) which was
predicted®® in the framework of the PFA approach but not
observed up to date due to the use of small corrugation am-
plitudes. In this paper we have presented details of the ex-
perimental setup, the original procedure allowing to imprint
relatively deep corrugations using a metallized template grat-
ing on a sphere of about 100 um radius, and the process of
electrostatic calibrations giving the possibility to measure
small forces and at short absolute separations with high pre-
cision. The dependence of the lateral Casimir force on the
phase shift between the corrugations on the sphere and the
plate was measured at many different separation distances in
the two sets of measurements with different amplitudes of
corrugations on the sphere. The maximum value of the lat-
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eral force as a function of separation was also investigated in
the two sets of measurements. Both the random and system-
atic errors of the measured forces and separations were found
and the total experimental errors were calculated at a 95%
confidence level.

The experimental data were compared with an approxi-
mate theory using the PFA and with the exact theory based
on the scattering approach. Note that exact calculation meth-
ods allowing the evaluation of the Casimir force between
bodies of arbitrary shape and made of any real material have
been actively investigated since 2006.3-3%61=7! However, un-
til the present paper and the rapid communication*! there
was no detailed comparison of exact theoretical results be-
yond the Lifshitz theory taking into account such experimen-
tal conditions as real material properties of the test bodies,
surface roughness, and nonzero temperature with measure-
ment data of any specific experiment. Using the exact theory,
the computed dependences of the lateral Casimir force on the
phase shift and of the maximum magnitude of the lateral
force as a function of separation were found to be in agree-
ment with the experimental data. Regarding the PFA ap-
proach, the computational results were found to be excluded
by the data. This provides the quantitative confirmation for
the fact that this experiment was performed outside the ap-
plicability region of the PFA and marks the beginning of
investigations of diffraction effects in the phenomenon of the
lateral Casimir force.

As was already noted in Sec. I, the lateral Casimir force
might find applications in nanotechnology. Specifically, it
was proposed to use this effect for the frictionless transmis-
sion of lateral motion by means of a nanoscale rack and
pinion without intermeshing cogs?®?° or in a ratchet with
asymmetric corrugations driven by the Casimir force.® The
above experimental and theoretical results bring us closer to
the realization of such kinds of micromachines. In future it is
planned to perform similar experiments with corrugations of
more complicated shape which provides an opportunity to
modulate the respective lateral Casimir force.
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